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Mumford coverings of the projective line
By
Marius van der Put and Harm H. Voskuil
Abstract. A Mumford covering of the projective line over a complete non-archimedean valued
ﬁeldK is a Galois coveringX → P1
K
such thatX is a Mumford curve overK . The question which
ﬁnite groups do occur as Galois group is answered in this paper. This result is extended to the case
where P1
K
is replaced by any Mumford curve over K .
1. Introduction. The ﬁeld K is supposed to be complete with respect to a non-
archimedean valuation. In [4], D. Harbater has proved that any ﬁnite group G is the Galois
group of a Galois covering X → P1K , where X is an absolutely irreducible, smooth, pro-jective curve over K . We will exploit here the simpliﬁed proof given by Q. Liu [6].
We recall that a Schottky group (over K) is a free, ﬁnitely generated subgroup  of
PGL(2,K)which acts discontinuously on the analytic space P1,anK associated to the projec-
tive line over K . The complement  of the compact set of the limit points of  is an open
subspace of P1,anK . The Mumford curve Y (overK) associated to  is deﬁned as Y := /.
This curve is absolutely irreducible, smooth and projective overK . The genus of Y is equal
to the number of free generators of . The projective line over K will also be considered
as a Mumford curve over K (corresponding to the trivial group  = {1}). For details on
Mumford curves we refer to [3].
Let Y be a Mumford curve over K . A Mumford covering of Y is a (in general ramiﬁed)
Galois covering X → Y such that X is a Mumford curve over K . The question, that we
consider in this paper, is:
What are the Galois groups for Mumford coverings of P1K?
Examples ofMumford coverings of P1K , unramiﬁed outside {0, 1,∞} and for a ﬁeldK of
characteristic 0, have been given byY. Andre´ [1] and F. Kato [5]. The ﬁrst author has studied
this question in connection with p-adic orbifolds and p-adic hypergeometric differential
equations. The second author has produced many examples in an attempt to classify all of
them.
The answer to the above question (allowing any type of ramiﬁcation) is the following:
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Theorem 1.1. (a) Suppose thatK has characteristic 0. Then any ﬁnite group is a Galois
group of a Mumford covering of P1K .
(b) Suppose that K has characteristic p > 0. A ﬁnite group is a Galois group of a
Mumford covering of P1K , if and only if this group is generated by its elements of
order not divisible by p2.
We thank the referee for excellent suggestions which lead to a complete answer for the
corresponding question where P1K is replaced by anyMumford curve Y overK . The results
are:
Theorem 1.2. Let Y be a Mumford curve over K of genus g with Y (K) = ∅.
(a) If the characteristic ofK is 0, then every ﬁnite group is the Galois group of a Mumford
covering of Y .
(b) Suppose that the characteristic of K is p > 0. Let G be a ﬁnite group and denote
by N the subgroup of G generated by the elements having order not divisible by
p2. Then G is the Galois group of a Mumford covering X → Y , if and only if the
p-group G/N is generated by at most g elements.
We note that part (b) of Theorem 1.2 (and of 1.1) is somewhat surprising. The proofs
the theorems will be given in Sectioins 2–4. A Mumford covering of P1K corresponds to a
ﬁnitely generated discontinuous subgroup  (in fact generated by elements of ﬁnite order)
of PGL(2,K) such that / ∼= P1K . In Theorem 1.2 one has described the ﬁnite groups
G ∼= /0, where 0 is a normal subgroup of ﬁnite index which is a Schottky group. A
much more involved problem is to classify these groups . This is the theme of the sequel
[7] of the present paper.
2. Reduction of the problem to the cyclic case. A ﬁnite group G is called realizable
if there exists a Mumford covering X → P1K with group G and such that the points of X
above ∞ are unramiﬁed and rational over K .
Lemma 2.1. Suppose that the ﬁnite group G is generated by two subgroups G1,G2
which are realizable. Then G is realizable.
P r o o f. We follow rather closely Q. Liu’s paper [6] and refer to this for more details. Let
Gi , for i = 1, 2, be realized by fi : Xi → P1K . Let Di be a large enough closed disk, say
Di = {z ∈ A1K | |z|  R} with R ∈ |K∗|. Put U = {z ∈ P1K | R  |z|  ∞}. We require
that the restriction of fi to f−1i U → U is trivial covering, i.e., f−1i U is the disjoint union
of copies of U . One considers now a new projective line P1K and disjoint closed disks, say
D∗1 = {z ∈ A1K | |z|  r1} and D∗2 = {z ∈ A1K | |z − 1|  r2}, satisfying r1, r2 ∈ |K∗| and
r1, r2 < 1. LetC denote the afﬁnoid subset of P1K given by the inequalities |z|  r1, |z−1|
 r2. Above each of the three afﬁnoids D∗1 ,D∗2 , C we will consider a (possibly ramiﬁed
and in general not connected) afﬁnoid covering A1 → D∗1 , A2 → D∗2 , A → C with G
as Galois group. The ﬁrst covering A1 → D∗1 is obtained by considering an isomorphism
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D∗1 → D1 and taking the pull back E1 of the covering f−11 (D1) → D1. Then E1 → D∗1
is a connected Galois covering with group G1. The induced covering IndGG1E1 → D∗1 is
a Galois covering with group G. This is the covering A1 → D∗1 . The covering A2 → D∗2
is constructed in the same way. The covering A → C is simply the trivial covering with
group G. The three afﬁnoid coverings are glued together in an G-invariant way to a rigid
analytic Galois covering f : X → P1K with group G. This covering is connected since G
is generated by G1 and G2. By GAGA, one concludes that X has a unique structure of an
irreducible smooth, projective algebraic curve over K . The points above ∞ in the covering
f are unramiﬁed and K-rational since A → C is a trivial covering. A criterion for a curve
Y to be a Mumford curve is that the analytiﬁcation Yan has a ﬁnite admissible covering
by afﬁnoids sets which are isomorphic to afﬁnoid subsets of P1K . By assumption X1, X2
satisfy this property. Thus A1 and A2 are ﬁnite unions of afﬁnoids which can be embedded
in P1K . The same holds obviously for A. Thus X is a Mumford curve. 
Clearly the lemma reduces the general problem to the case of cyclic groups of order a
prime power, which we will study in the next section.
3. The existence of cyclic Mumford coverings. Let q be a power of a prime number.
We have to produce a cyclic covering X → P1K such that X is a Mumford curve and the
points above ∞ are unramiﬁed and K-rational. One has to distinguish several cases.
(a) Suppose that the ﬁeld K contains a primitive q th root of unity. The equation yq =
xq−1(x − 1) provides such a covering.
(b) Suppose that q is not divisible by the characteristic of K and that ζq , the primitive
q th root of unity, is not present in K . One considers the extension K ⊂ K ′ = K(ζq) with
a generator τ of the Galois group. Put τζq = ζmq , k = m
s−1
q
where s = [K ′ : K] is the
order of τ . The action of τ is extended to the ﬁeld K ′(x) by putting τ(x) = x. Further one
considers the extensionK(x) ⊂ K ′(x)[Y ]/(Y q −a) for a suitable element a ∈ K ′(x). This
element should be such that it gives rise to a q-cyclic extension L of K(x) which deﬁnes
the required Mumford covering X → P1K .
Consider b = 1+ζqx1+ζqx+π , where 0 = π ∈ K is an element with small enough absolute
value. One deﬁnes a by the formula
a = bms−1τ(b)ms−2 · · · τ s−2(b)mτ s−1(b).
The automorphism τ of K ′(x) extends to an automorphism τ˜ of K ′(x)(y) = K ′(x)[Y ]/
(Y q − a) by τ˜ (y) = ymb−k . Let σ denote the automorphism of K ′(x)(y)/K ′(x) given by
σ(y) = ζqy. A straightforward calculation yields that σ and τ˜ commute, that the Galois
group ofK ′(x)(y) is generated by σ and τ and thatL := K ′(x)(y)〈τ˜ 〉 is a q-cyclic extension
ofK(x). We are left with proving that the curveX corresponding to the ﬁeldL is aMumford
curve. In proving this we may replace X by X ⊗ K ′′, where K ′′ is the completion of the
algebraic closure of K . We have to show that the equation Yq = a deﬁnes a Mumford
covering of P1
K ′′ . One observes that the pole and the zero of b = 1+ζqx1+ζqx+π are very close
Vol. 80, 2003 Mumford coverings of the projective line 101




xi and yi are very close together. For notational convenience we suppose that∞ is not a pole
or zero of a. For i = 1, . . . , d one considers a small diskDi = {z| |z−ai |  } containing
xi, yi . Let C be the afﬁnoid subset of P1K ′′ deﬁned by the inequalities |z − ai |   for
i = 1, . . . , d. We note that  can be made as small as required by changing the absolute
value of π . The equation Yq = a above Di is equivalent to Yq = ( z−x1z−yi )mi . The afﬁnoid
covering Ei → Di deﬁned by the latter equation is clearly an afﬁnoid subset of P1K ′′ . The
equation Yq = a above the afﬁnoid C gives a trivial covering since the function a on C has
the form c · (1+ r), with c ∈ (K ′′)∗ and where the norm of r is very small (depending again
on the absolute values of π ). Thus X satisﬁes the criterion for a Mumford curve, used in
the proof of Lemma 2.1.
(c) Suppose thatK has characteristic p > 0. The equation yp −y = x deﬁnes a p-cyclic
Mumford covering of P1K .
C o n c l u s i o n s. The above proves part (a) of Theorem 1.1 and the implication “if” of
part (b) of that theorem.
P r o o f o f T h e o r em 1.2, p a r t (a). LetY and the ﬁnite groupG be given.One chooses an
afﬁnoid subset D in Y , such that there exists an isomorphism φ : {z ∈ P1K | |z|  1} → D.
Put Do = φ({z ∈ P1K | |z| < 1}) and ∂D = φ({z ∈ P1K | |z| = 1}). Then {Y \ Do,D} is
an admissible (afﬁnoid) covering of Y . By 1.1, there exists a connected Galois covering
U → D with group G which has the properties:
(i) U is embedded in a Mumford covering of P1K with group G.
(ii) The induced covering above ∂D is trivial.
Now one glues this covering U → D to the trivial covering of Y \Do (with group G). The
result is the required Mumford covering of Y with group G.
R em a r k s. The “only if” implication of Theorem 1.1, part (b) would follow from the
statement that for any Galois covering X → P1K (with X absolutely irreducible, smooth,
projective over K) with group Z/pnZ and n  2 (or n = 2), the curve X is not a Mumford
curve. Using Witt vectors one can describe these cyclic coverings explicitly and derive
that X is indeed not a Mumford curve. The referee remarks that any X, thus obtained,
has a reduction with rational curves over the residue ﬁeld of K as irreducible components.
However this reduction has bad singularities which prevents X from being a Mumford
curve.
In the next section, we will present a more conceptional proof, using the uniformization
of a Mumford curve, of the statement that Z/pnZ does not occur as Galois group of a
Mumford covering of P1K for n  2.
4. Coverings in positive characteristic. We consider the situation: K has character-
istic p > 0, X → P1K a Galois covering with group G and X a Mumford curve. Let N
denote the subgroup of G generated by its elements of order not divisible by p2. The proof
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of Theorem 1.1 is complete when we have shown that N = G. In the sequel we may
enlarge the ﬁeld K . For convenience we will suppose that K is algebraically closed.
P r o o f o f t h e “o n l y i f” p a r t o f T h e o r em 1.1 (b). Let u :  → X denote the
universal rigid analytic covering ofX. According to [3], is isomorphic to the complement
in P1K of some compact subset. Consider a point x0 ∈ X which is ramiﬁed over P1K and a
point ω ∈  with u(ω) = x0. The point ω can be identiﬁed with ∞ ∈ P1K . Let Stx0 ⊂ G
denote the stabilizer of x0. Any σ ∈ Stx0 can uniquely be lifted to an automorphism σ˜ of
such that σ˜ (ω) = ω. The map σ → σ˜ is therefore a group homomorphism and Stx0 can be
identiﬁed with a subgroup of the automorphisms of  having ω as ﬁxed point. According
to [2] or [3] the automorphisms of  extend to automorphisms of P1K . This implies that
Stx0 can be identiﬁed with a subgroup of the Borel group of PGL(2,K). In particular, Stx0
does not contain elements of order p2. Thus Stx0 ⊂ N .
The group N is a normal subgroup of G. The covering X/N → P1K with group G/N is
unramiﬁed since N contains all the ramiﬁcation groups of X → P1K . We conclude that the
covering X/N → P1K is trivial and that G = N . This ﬁnishes the proof of Theorem 1.1.
P r o o f o f t h e “o n l y i f” p a r t o f T h e o r em 1.2 (b). The ﬁeld K has characteristic
p > 0 and, for convenience, is supposed to be algebraically closed, Y is a Mumford curve
over K , X → Y is a Galois covering with group G, X is a Mumford curve and N is the
subgroup of G generated by the elements whose orders are not divisible by p2.
As above we conclude that the coveringX/N → Y is unramiﬁed. By deﬁnition the group
G/N is a p-group. The “only if” part of 1.2 (b), follows from the next lemma.
Lemma 4.1. Let Y be a Mumford curve over K of genus g. The uniformization of Y is
denoted by /, where  is a free group on g generators. Let Z → Y be a Galois e´tale
covering (with irreducibleZ) and with a Galois groupGwhich is ap-group. Then this e´tale
covering is a rigid analytic covering, i.e., there is a surjective homomorphism  → G with
kernel 0 such that the given covering is isomorphic to the covering /0 → / = Y .
P r o o f. We consider ﬁrst the case where G is a p-cyclic group. The p-cyclic e´tale cov-
erings of Y correspond to the elements of order p of the Jacobian variety J of Y . This
group J [p] is isomorphic to (Z/pZ)r with 0  r  g. Since Y is a Mumford curve, the
Jacobian variety has multiplicative reduction and r = g. Thus the p-cyclic e´tale extensions
correspond top-cyclic subgroups of (Z/pZ)g . On the other hand thep-cyclic rigid analytic
coverings of Y are given by /′ → /, where ′ is the kernel of a surjective homo-
morphism  → Z/pZ. We conclude that any p-cyclic e´tale covering is a rigid analytic
covering and that the corresponding curve Z is again a Mumford curve.
Now we consider the general situation. Since G is a p-group, there exists a normal
subgroupH ⊂ G such thatG/H is a p-cyclic group. The covering Z → Y decomposes as
Z → Z/H → Y . We have shown that the p-cyclic covering Z/H → Y is a rigid analytic
covering and that Z/H is again a Mumford curve. By induction on the order of the group
we may suppose that Z → Z/H is also a rigid analytic covering. It follows that Z → Y is
a rigid analytic covering. As is well known a rigid analytic covering is given by surjective
homomorphisms  → G having some kernel 0. The covering is then isomorphic to the
covering /0 → /. 
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T h e p r o o f o f t h e “i f” p a r t o f T h e o r em 1.2 (b). In generalG is not a semi-direct
product of N and G/N . One chooses a subgroup W of G generated by at most g elements
which maps surjectively to G/N . Consider the semi-direct product G′ = NW , where
the multiplication is given by (n1, w1) · (n2, w2) = (n1w1n2w−11 , w1w2). There is an
obvious surjective morphism G′ → G. According to the next lemma, it sufﬁces to produce
a Mumford covering of Y with group G′.
Lemma 4.2. LetZ be aMumford curve overK . LetH be aﬁnite groupof automorphisms
of Z. Then Z/H is Mumford curve over K .
P r o o f. Let g be the genus of Z. The case g  1 is trivial and we suppose now g  2.
Write Z = / with  ⊂ P1,anK . Since  ⊂ PGL(2,K), the set of the limit points L of
 is a compact perfect subset of P1K(K). Let  ⊂  denote the subgroup of PGL(2,K)
consisting of all the lifts of all elements of H . Then  is a normal subgroup of  and
/ = H . It follows that  is also a discontinuous subgroup of PGL(2,K) and has again
L as its set of limit points.
We recall the standard procedure which associates to L a tree and an admissible afﬁnoid
covering of . One identiﬁes P1K with PK(V ) where V is a 2-dimensional vector space
overK . FurtherKo denotes the valuation ring ofK . A latticeM ⊂ V is a freeKo-submodule
of V of rank two. Two lattices M1 and M2 are called equivalent if M1 = λM2 for some
element λ ∈ K∗. Let [M] denote the equivalence class of the lattice M . Any three distinct
lines Kv1,Kv2,Kv3 in V determine a unique lattice class [M], with M generated over
Ko by λ1v1, λ2v2, λ3v3, where λ1v1 + λ2v2 + λ3v3 = 0 is a non-trivial linear relation. In
particular, for every triple (a0, a1, a∞) of distinct points of L, one has an associated lattice
class [M]. These lattice classes are the vertices of a graph T . Consider a pair {[M1], [M2]}
of distinct vertices, where the representatives M1,M2 are chosen such that M1 ⊃ M2 and
M1/M2 = Ko/πKo for some π with 0 < |π | < 1. This pair is an edge of T if there is
no vertex [M] such that M1 ⊃ M ⊃ M2 and M = M1,M2. It turns out that T is a tree.
Since L is-invariant there is an action of on the tree T . The stabilizers of on this tree
are ﬁnite because  is a discontinuous group. One can associate to any vertex v and every
edge e of T , afﬁnoid subsets U(v) and U(e) of . For a vertex v, corresponding to a triple
(a0, a1, a∞), one takes an identiﬁcation PK(V ) with P1K such that a0, a1, a∞ are mapped
to 0, 1,∞. Let K denote the residue ﬁeld of K . The obvious reduction map Red : P1K →
P1
K
maps L to a ﬁnite subset F of P1
K
(K). The preimage, under Red of P1
K
\ F , is by
deﬁnition the afﬁnoid subsetU(v) of. The setU(e), with e = {[M1], [M2]}, is deﬁned in
a similar way, using the two reductions maps corresponding to the two triples of elements
of L. The covering {Ui} := {U(v), U(e)} is an admissible afﬁnoid covering of . The sets
Ui have the properties:
(a) i := {δ ∈ | δUi ∩ Ui = ∅} is ﬁnite.
(b) If i = {1}, then i is a subgroup of  and δUi = Ui for each δ ∈ i .
Clearly / = Z/H and Z/H is obtained by glueing ﬁnitely many afﬁnoid sets of the
form Vi := Ui/i . Each of those sets lies in P1K/i ∼= P1K . Therefore Z/H is a Mumford
curve over K . 
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The group G′ is a semi direct product NW and the curve Y has the form / where
 is a free group on g generators. There is a surjective homomorphism  → W , since the
group W is generated by at most g elements. The kernel 0 of this homomorphism gives
rise to an analytic e´tale Galois covering f : Z := /0 → Y with Galois group W . The
preimage under f of a small enough closed disk of Y is the disjoint union of isomorphic
closed disks {Dw|w ∈ W }. The notation is taken such that w1Dw2 = Dw1w2 for all
w1, w2 ∈ W . One may identify D1 with {z| |z|  1} and deﬁne the “boundary” ∂D1 as
the part corresponding to {z| |z| = 1}. The interior Do1 is the part of D1 corresponding
to {z| |z| < 1}. The boundaries ∂Dw and interiors Dow are deﬁned by ∂Dw = w∂D1 and
Dow = wDo1 .
Using Theorem 1.1 one ﬁnds a Galois coveringX1 → D1 with groupN , such thatX1 is a
connected afﬁnoid subset of aMumford curve and such that the induced covering above ∂D1,
which we will denote by ∂X1 → ∂D1, is trivial. For any w ∈ W , the covering Xw → Dw
is obtained from X1 → D1 by a push forward via the isomorphism w : D1 → Dw. The
obvious isomorphism X1 → Xw is also called w. There is an induced action of N on the
covering Xw → Dw, which is given explicitly by n(ew) = w((w−1nw)e1), with n ∈ N ,
ew ∈ Xw and e1 ∈ X1 such that ew = w(e1). The group G′ = NW acts on ⋃
w∈W
Xw by
the formula n1w1(ew) = w1w((w1w)−1n1(w1w)e1), where ew = we1 with e1 ∈ X1 and
n1 ∈ N, w,w1 ∈ W .
Let Z0 denote Z \ ( ⋃
w∈W
Dow). This is an afﬁnoid subset of Z. Moreover {Z0, {Dw}w∈W }
is an admissible afﬁnoid covering of Z. The only non-empty intersections for this covering
areZ0 ∩Dw = ∂Dw forw ∈ W . AboveZ0 we consider the trivial coveringX0 → Z0 with
Galois groupN . ThusX0 can be identiﬁed withN ×Z0. The action ofG′ = NW onX0
is deﬁned by the formula n1w1(n, z) = (n1w1nw−11 , w1z) with w,w1 ∈ W , z ∈ Z0 and
w1 ∈ W . The “boundary” ∂Z0 of Z0 is deﬁned as the union ⋃
w∈W
∂Dw. The “boundary”
∂X0 of X0 is the preimage of ∂Z0 under X0 → Z0. In the construction of the curve X the
afﬁnoid spaceX0 is glued to the afﬁnoid space
⋃
w∈W
Xw (this is the disjoint union of theXw)




By doing so, one ﬁrst obtains an analytic space X which is a ﬁnite (ramiﬁed) covering
ofZ. By GAGA,X has the structure of a non-singular projective curve overK andX → Z
is a ﬁnite morphism of curves. Using that each Xw and Z0 is connected and by tracing the
glueing, one ﬁnds that X is a connected curve over K . The action of G′ on each Xw and
X0 induces an action of G′ on X. The result is a Galois covering X → Y with group G′
such that X is a Mumford curve.
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